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1. Additional Gaussian noise of (2, 3) threshold deterministic all-optical quantum
state sharing (AOQSS) protocol.

Figure S1(a) (S1(b)) shows the noise power spectra for the amplitude (phase) quadrature variances of G, (blue
trace), a; (orange trace), ao (green trace), and as (grey trace). The amplitude (phase) quadrature variance of as
is 5.04 + 0.08 dB (4.91 £ 0.08 dB) above that of the input secret state Gi,. The gain of parametric amplifier for
generating Einstein-Podolsky-Rosen (EPR) entangled source is about 1.26. It means that the amplitude (phase)
quadrature variances of as should be about 1.82 dB above that of the input secret state ai, in theory. In this sense,
based on Eq. (3) of the main manuscript, we can calculate that the additional Gaussian noise of quantum state
sharing is about 3.22 dB. The amplitude and phase quadrature variances of a; (as) are about 2.06 + 0.08 dB and
1.98 +0.08 dB (2.08 + 0.08 dB and 2.14 4 0.08 dB) above the input secret state d;y, respectively.
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Figure S1: The noise power spectra for the (a) amplitude and (b) phase quadrature variances of din (blue traces), a1 (orange
traces), as (green traces), and as (grey traces). The vertical scale is normalized to the quadrature variances of the input secret
state.

*Electronic address: jtjing@phy.ecnu.edu.cn
ssliu@Ips.ecnu.edu.cn
yblou@lps.ecnu.edu.cn


mailto:jtjing@phy.ecnu.edu.cn\ ssliu@lps.ecnu.edu.cn\ yblou@lps.ecnu.edu.cn
mailto:jtjing@phy.ecnu.edu.cn\ ssliu@lps.ecnu.edu.cn\ yblou@lps.ecnu.edu.cn
mailto:jtjing@phy.ecnu.edu.cn\ ssliu@lps.ecnu.edu.cn\ yblou@lps.ecnu.edu.cn

2. The detailed derivation of the fidelity of (2, 3) threshold deterministic AOQSS
protocol.

Figure S2 shows the schematic of (2, 3) threshold deterministic AOQSS protocol. In order to implement the (2, 3)
threshold deterministic AOQSS protocol, the dealer needs to encode the secret coherent state a;, into three shares
with the help of EPR entangled source. This EPR entangled source is generated by four-wave mixing (FWM) process
with the Hamiltonian given by [44]

H = ilralpg, ahpro + Hee.. (S1)

ELTEPRl and &TEPRQ are the creation operators associated with EPR1 and EPR2, respectively. r denotes the interaction
strength of FWM process. H.c. is the Hermitian conjugate. The output fields of the FWM process can be expressed
as [44]
appr1(1) = VGraor +vVG1 — Lay,
&]TEPRQ(T) = v G1 — 1&01 + vV GlfLZ)Q,
where dg1, do2 are the annihilation operators associated with the vacuum input states. Gy = cosh? (r7) is the intensity
gain of the FWM process and 7 is the interaction time. Then, a;, and Ggpri are combined by a 50:50 beam splitter

(BS1). The outputs of BS; are sent to playerl and player2, and dgpgrs is sent to player3. The three shares with
additional Gaussian noise can be expressed as [38]

a1 = (@i — Gepr1 — ON)/V2,
ds = (Gin + ampr1 + 6N)/V2, (S3)
a3 = agpr2 +ON™*.

(S2)

The additional Gaussian noise is denoted by 6N = (X +iYx)/2, which has a mean of (Xy) = (V) = 0 and variance
of A2XN = AQ?N = VN.

For (2, 3) threshold deterministic AOQSS protocol, at least two of these three players need to cooperate to recon-
struct the secret state, and there are three reconstruction structures for (2, 3) threshold deterministic AOQSS. When
playerl and player2 are authorized, the secret state can be reconstructed by {1,2} reconstruction structure, which
is shown in Fig. S2(b). In this structure, a; is combined with ds by the 50:50 BSs. By locking the relative phase
between a; and s to 0, the output beam can be expressed as [37]

dout = (61 + 42)/V2 = Gin. (S4)
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Figure S2: The schematic of (2, 3) threshold deterministic AOQSS protocol. (a) The dealer protocol. FWM, four-wave mixing;
G'1, the intensity gain of the FWM process; ao1 and ao2, the annihilation operators associated with the vacuum input states
of the FWM; agpr1 and aeprz, the annihilation operators associated with EPR1 and EPR2, respectively; ain, the annihilation
operator associated with the secret coherent state; BS1, 50:50 beam splitter; a1, G2, and as, the annihilation operators associated
with the three shares. (b) {1, 2} reconstruction structure. BSs, 50:50 beam splitter; dous, the annihilation operator associated
with the output reconstructed state. (c) {1,3} reconstruction structure. PIA, phase-insensitive amplifier; G2, the intensity
gain of PIA.



The amplitude quadrature and phase quadrature of the output state are given by

Xou = &T + CAlou = Xiny
our out ¢ 5 (S5)

Y. = i(dout - dOUt) = Yvin~
Based on Eq. (S3) and Eq. (S4), we can see that the secret coherent state is retrieved by playerl and player2, while
player3 can’t get any information of the secret state. The quality of the reconstructed state is quantified by its fidelity
[47], which can be expressed as [37, 38]

F = 2e= 0otk 1 (14 A2 Ru) (1 + A%V), (S6)

where &z N < n)? (1 9z) /(1+A2Xout) ky = <Y )2 (1— gy)2/(1+A2?0ut) = <Xout>/<X ), and g, = <Yout>/<Y ).
With A2X;, = A?Y;, = 1 for input coherent state, the fidelity of {1,2} reconstructlon structure is F{Cia;} =1.

When playerl and player3 are authorized, the secret state can be reconstructed by {1,3} reconstruction structure
shown in Fig. S2(c). In this reconstruction structure, a; is amplified by a phase-insensitive amplifier (PIA) with the
help of as. The output state can be expressed as [44]

dout = /Gaa1 + /Gy — 1al. (S7)
Under the condition of G3 = 2, Gyt is given by

Gout = Gin — GEPR1 + &TEPRQ- (S8)
In this way, the amplitude quadrature and phase quadrature of Gy, are given by

Xout = Xin - XEPRl + XEPRQa
Y,

o R (89)
= Yin — YEPR1 — YEPR2-

Since the EPR entangled source used here is generated with vacuum injections, (Xout) = (Xin) and (Your) = (Yin).
Based on Egs. (2), (6), and (9), the fidelity of {1, 3} reconstruction structure can be calculated as [37, 38]

F= ze—<’<w+ky>/4/\/(1 + A2X,0) (14 A2Y ) = 1/[2G1 — 2¢/G1 (G — 1)), (S10)

where k, = k, = 0, A2X,u = A%V, = 4G, —41/G1 (G, — 1)—1. Without the help of EPR entangled source (G = 1),
the maximum achievable fidelity of {1, 3} reconstruction structure is Fﬁ“;} = 1/2. The {2, 3} reconstruction structure
is equivalent to {1, 3} structure, and the fidelity of {2,3} reconstruction structure (F{Cé"‘;} = 1/2) can be calculated
similarly. Therefore, the classical fidelity limit of (2, 3) threshold deterministic AOQSS protocol can be given by

as cla;
Foas = F{12}+F{”}+F{2 8. = 2/3. Based on Eq. (S10), when G; — oo, the average fidelity of (2, 3) threshold
deterministic AOQSS protocol F,y, — 1, beating the corresponding clasmcal limit.

3. The typical results for (2, 3) threshold deterministic AOQSS with {2,3}
reconstruction structure.

The typical noise power results for (2, 3) threshold deterministic AOQSS with {2,3} reconstruction structure are
shown in Fig. S3. Similar to AOQSS with {1, 3} structure, from Fig. S3(a) to Figure S3(d), we can obtain the fidelity
(Fr2,33 = 0.61£0.02) of AOQSS with {2, 3} structure. The corresponding classical fidelity limit is 0.49 4= 0.01, which
can be obtained from the orange traces in Fig. S3(a) to Fig. S3(d). Fig. S3(e), (f) shows the noise spectra for the
adversary structure {1}. The obtained fidelity for {1} structure is Fy;3 = 0.09 4 0.01.
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Figure S3: The typical noise power results for {2,3} reconstruction structure and the corresponding adversary structure
{1}. (a) and (b) show the amplitude and phase quadrature variances with classical modulations for the input secret state
(blue dashed traces) and the output state (orange solid traces) of classical {2, 3} structure, respectively. (c¢) and (d) show the
amplitude and phase quadrature variances without classical modulations for the input secret state (blue traces), the output
state of {2, 3} structure (green traces), and the corresponding classical {2, 3} structure (orange traces), respectively. (e) and
(f) show the amplitude and phase quadrature variances of {1} structure, respectively. The input secret state and the output

state with (without) classical modulations are shown as the blue (black) traces and the orange (red) traces, respectively. The
vertical scale is normalized to the quadrature variances of the input secret state.

4. (3, 5) threshold deterministic AOQSS protocol.

Our scheme provides a platform to implement arbitrary (k, n) threshold AOQSS. Here we show such scalability by
giving an example of (3, 5) threshold deterministic AOQSS protocol. Based on Eq. (S1) and Eq. (S2), the two EPR
entangled sources used in the dealer protocol shown in Fig. S4 can be expressed as [44]

a ):\/7@014’\/6:17_[701’
bTE1 ) = VGi —lao + \/71501,

ag2(2) = VGaags + m%g,
bTE ) = VG2 —lags + \/CT21352,

where ag1, 501, ag2, and 1302 are the annihilation operators associated with the vacuum input states. G; = COSh2(’I“17'1)
(G = cosh?(ry7y)) is the intensity gain of the FWM process and 71 (72) is the interaction time. r(r) denotes the

interaction strength of FWM process. ag; and I;El (age and I;Eg) are the annihilation operators associated with EPR

entanglement. Then, based on the dealer protocol of (3, 5) threshold deterministic AOQSS shown in Fig. S4(a), the
five shares can be expressed as [38]

E1(7’1

(S11)

(
2(72

ar = %(ain +ag1 + 6N),

y = $Gin — 3ap1 — %&E2 — 30N,

a3 = 3 — 3081 + J5aE2 — 30N, (S12)
a1 = J5(bw —bg1 — 6N7),

as = 7(5 2+ bgi + ON* ),



where a;, is the annihilation operator associated with the secret coherent state. 6V represents the additional Gaussian
noise. ai, as, as, a4, and as are the annihilation operators associated with the five shares. Then, five shares are sent
to five players.
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Figure S4: The structure of (3, 5) threshold deterministic AOQSS. (a) The dealer protocol. FWM, four-wave mixing process
for generating EPR entanglement; do1, lA)()l, o2, and 1302, the annihilation operators associated with the vacuum input states
of the FWM processes; ag1 and bg1 (dg2 and bg2), the annihilation operators associated with EPR entanglement; 1:1, 50:50
beam splitter; a;n, the annihilation operator associated with the secret coherent state; a1, ao, as, a4, and as, the annihilation
operators associated with the five shares. (b) The reconstruction structures. BS, beam splitter. Gout, the annihilation operator
associated with the output reconstructed state; PIA, phase-insensitive amplifier.

For (3, 5) threshold deterministic AOQSS protocol, at least three of these five players need to cooperate to recon-
struct the secret state, and there are ten reconstruction structures for (3, 5) threshold deterministic AOQSS as shown
in Fig. S4(b). For {1, 2,3} reconstruction structure, as and Gz are combined by a 50:50 BS. The output of this BS a.
can be expressed as [37]

Go = —= (5 + i5). (S13)

V2

To retrieve the secret state, a. and a; are then combined by another 50:50 BS, and the output state ao. can be
expressed as [37]

1
&out = E(&l + &c) = &in~ (814)

In this sense, the amplitude quadrature and phase quadrature of the output state are given by

Xout = &lut + dout = Xina (815)
Yout = Z(dlut - &out) = f/in-

clas

Based on Eq. (S6), the fidelity of this {1,2,3} reconstruction structure can be given as F{}; 5, =1.

For {1,4,5} reconstruction structure, a4 and a5 are combined by a 50:50 BS. The output of this BS . can be
expressed as [37]

. r .
de = ﬁ(aél —as). (S16)

Then, a; is amplified by a PIA with the help of ., which can be expressed as [44]

Gous = V/G3a1 +/Gs — 1al, (S17)



where G3 is the intensity gain of the PIA. When G3 = 2, the amplitude quadrature and phase quadrature of the
output state and the corresponding quadrature variances can be given as

Xout = Xin + XdEl - X(;E17
out - Kn + aE1 + YéEl’ (818)
A2)20ut = A2§2)ut = 4C;(l —4 Gl(Gl - 1) -1
Based on Eq. (S6), the fidelity of this {1,4,5} reconstruction structure can be given as
Fas =1/[2G1 —2¢/G1(Gr = 1)]. (S19)

For {1,2,4} reconstruction structure, d; and day are combined by a BS with a transmissivity of 7. The output of
this BS a. can be expressed as [37]

e = VTay + V1 —Tay. (S20)

Then, a. is amplified by a PIA with the help of G4, which can be expressed as [44]

&out =V GBdc + v G3 - ldjl
= [T + /S0 D, 1 [T — /S0 Dap, — et} (s21)

- \/7%%2 + 4/ GaLhE 4+ [\/% - \/GS(L’T) - \/Ggl]aN.

When G5 =7 —4v2 and T = (4\@ + 7)/17, the amplitude quadrature and phase quadrature of the output state can
be given as

Xout = Xin + glx(ngl - X5E1) + glaf(Xl}Ez - XéEz)? (822)
Your = Yin + g1y (Yap, + Y}?m) — 91y(Yau, + Y};EQ)ﬂ
where g1y = g1 = V/2 — 1. The corresponding quadrature variances can be expressed as
A?Xoup = Ao = 14 g2, [4(G1 + G2) — 4y/G1(G1 — 1) — 4/G2(Gy — 1) — 4]. (S23)
Based on Eq. (S6), the fidelity of this {1,2,4} reconstruction structure can be given as
1
Frio4y = (S24)

14 ¢2,[2(G1 + Go) — 2¢/G1(G1 — 1) — 2¢/Ga(Gy — 1) — 2]

Because {1,2,5}, {1,3,4}, and {1,3,5} reconstruction structures are equivalent to {1,2,4} structure, they have the
same fidelity.

By the same token, the fidelities of {2,3,5} ({2,3,4}) and {2,4,5} ({3,4,5}) reconstruction structures can be
calculated as

1
2(G1+G2)—2\/Gl(0111)—2\/(;2((;2—1)—1 (S25)

2G1-2y/G1(G1—1)+2[2G2—2/G2(G2—1)—-1]

Fiazsy = Floszay =

Froasy = Fizas =

In this way, we can obtain the average fidelity of (3, 5) threshold deterministic AOQSS protocol Fyy, by calculating
the average fidelity of ten reconstruction structures. Based on Eq. (S19), Eq. (524), and Eq. (S25), when G7 — oo and
G — 00, the average fidelity of (3, 5) threshold deterministic AOQSS protocol Fyye — 1, beating the corresponding
classical limit of 3/5 (k/n [37, 38]).
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